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2 Abstracts

2.1 Lectures

Variational methods in the study of solitary waves and
hylomorphic solitons

Vieri Benci

These lectures are devoted to the study of solitary waves
and solitons whose existence is related to the ratio en-
ergy/charge. These solitary waves are called hylomorphic. This
class includes the Q-balls, which are spherically symmetric so-
lutions of the nonlinear Klein-Gordon equation, as well as soli-
tary waves and vortices which occur, by the same mechanism,
in the nonlinear Schroedinger equation and in gauge theories.
Mainly we will be interested in the very general principles
which are at the base of the existence of solitons such as the
Variational Principle, the Invariance Principle, the Noether's
theorem, the Hamilton-Jacobi theory etc. We give a general
definition of hylomorphic solitons and an interpretation of their
nature (swarm interpretation) which is very helpful in under-
standing their behavior. We apply these ideas to the Nonlinear
Schroedinger Equation, to the Nonlinear Klein-Gordon Equa-
tion and to the Klein-Gordon-Maxwell system.

Phase transitions and front propagation for fractional
diffusion equations

Xavier Cabré

Long-range or “anomalous” diffusions, such as diffusions
given by the fractional powers (—A)® of the Laplacian, attract
lately great interest in Physics, Biology, and Finance. They ap-
pear in diffusions in plasma, dislocations in crystals, in finance
(American options modelled with jump processes), in geophys-
ical fluid dynamics (the quasi-geostrophic equation), in certain
reaction fronts and flames, and in population dynamics. The



fractional powers of the Laplacian are the infinitesimal gener-
ators of the symmetric stable Lévy diffusion processes. These
—also called Lévy flights— are diffusion processes that com-
bine Brownian motion together with a jump process. From the
mathematical point of view, nonlinear analysis for fractional
diffusions has been mostly developed in the last years.

In these lectures, | will describe recent results concerning
phase transitions for the fractional elliptic Allen-Cahn equa-
tion, as well as front propagation for the nonlinear fractional
heat equation. We will present some recent results and open
problems on the fractional analogue of the conjecture of De
Giorgi on 1-d symmetry.

In a work in collaboration with Y. Sire, we are concerned
with the equation

(—=A)u = f(u) in R",

with s € (0,1). The case s = 1/2 was studied with J. Sola-
Morales in [1]. Crucial to our analysis for s € (0,1) is a result
of [2] which allows to realize this nonlocal equation as a degen-
erate elliptic equation posed in R7*" together with a nonlinear
Neumann boundary condition on R” = dR?*!. We characterize
the nonlinearities f for which there exists a “layer” solution
—meaning, essentially, a solution increasing in one direction.
We establish several properties of these solutions, such as their
uniqueness in R, minimality, symmetry in certain dimensions,
and decay at infinity. In collabortation with E. Cinti, we find
sharp energy estimates for these and other solutions (such as
“saddle-shaped” solutions). These estimates allow to improve
the 1-d symmetry results of De Giorgi type for the nonlocal
equation.

In collaboration with J.-M. Roquejoffre, we study the prop-
agation of fronts for the fractional KPP equation

ot + (APu=u(l—u) in(0,00)xR", 0w,

with s € (0,1). In [3], by heuristic considerations it was pre-
dicted that fronts should propagate at exponential speed —in



contrast with the classical case s = 1 for which there is prop-
agation at a constant KPP speed. In particular, no traveling
wave should exist when s < 1. We establish mathematically
these results. For instance, given an initial condition with com-
pact support in R”, we prove that every level set of u is lo-
cated at time t, up to an error, near {|x| = exp(y*t)}, where
p* = f(0)/(n + 2s) and f(u) is equal to u(1 — u) or to another
concave monostable nonlinearity. Such exponential speed orig-
inates from the fact that the fundamental solution of the frac-
tional heat equation has a power decaying tail at infinity —
instead of the exponential tail of the Gaussian corresponding
tos=1.

Finally, | will describe results in collaboration with Jinggang
Tan on the problem

(—Apir)?u = uP in Q,
u=20 on 9Q),
u>0 in Q,

where (=Apy)'? stands for the unique positive square root of
the Laplacian in a bounded domain Q C R"” with zero Dirich-
let boundary conditions. Using also a local realization of the
problem in the cylinder Q x [0, 00), we establish existence and
regularity results of positive solutions as well as a priori es-
timates of Gidas-Spruck type for subcritical powers, Liouville
type theorems in a half space, and a symmetry result of Gidas-
Ni-Nirenberg type.
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Semilinear boundary value problems: Nonlinear analysis,
approximation and computer assistance

P. Joe McKenna

Lecture 1. We survey the main algorithms for finding ap-
proximate solutions for semilinear problems, including steepest
descent, Newton's method, continuation methods and mountain
pass algorithms.

Lecture 2. We discuss existence, multiplicity and unique-
ness results for semilinear ellipitc problems, including computer
assisted methods.

Lecture 3. We discuss a family of results for fourth order
semilinear beam equations, again discussing numerical solu-
tions and verification. This will include homoclinic and periodic
solutions.

Lecture 4. We discuss periodic solutions of a semilinear
spring equation and various methods to find them approxi-
mately.

Computer-assisted existence and multiplicity proofs for
semilinear elliptic boundary value problems

Michael Plum

Many boundary value problems for semilinear elliptic par-
tial differential equations allow very stable numerical compu-
tations of approximate solutions, but are still lacking analyti-
cal existence proofs. We propose a method which exploits the
knowledge of a “good” numerical approximate solution, in or-
der to provide a rigorous proof of existence of an exact solution
close to the approximate one. This goal is achieved by a fixed-
point argument which takes all numerical errors into account,
and thus gives a mathematical proof which is not “worse” than
any purely analytical one. The method is used to prove exis-
tence and multiplicity statements for some specific examples,
including cases where purely analytical methods had not been
successful.



2.2 Plenary talks

Exponentiation of a function and its Laplacian
Louis Dupaigne

The talk will discuss a priori L* estimates, for solutions of
the following Lane-Emden-like equation

(—=A)Y°u = uP in Q,

where s = 1 (Laplace operator), s = 2 (bitharmonic operator)
or s € (0,1) (fractional Laplacian). | will mostly focus on the
supercritical case (p large) and discuss how reqularity (and
even partial regularity) is deeply related to the stability of the
solution.

The deformation lemma and boundedness of Palais-Smale
sequences

JiFt Horak

In the calculus of variations the well-known mountain pass
theorem is an example of a minimax principle. These principles
are bhased on the deformation lemma which shows how level
sets of a functional are deformed in the descent direction (gra-
dient flow). The functional needs to have a certain compactness
property. In the talk a one-parameter family of functionals

I(A, u) = lo(u) — A(u)

admitting unbounded Palais-Smale sequences in a reflexive
Banach space will be considered. A modified gradient flow will
be constructed in order to prove a deformation lemma. This is
a joint work with Marcello Lucia.

10



Recent results for the Schrédinger-Newton (or maybe
Choquard) equation

Simone Secchi

In this talk | will review on some classical, recent, and new
results for the non-local equation

—h*Au + V(x)u = ,;2([ W(x — y)lu(y)]®dy |u in R3.
R3

This equation appears in several models: by coupling a Schro-
dinger equation to a Poisson equation (following an idea of
Penrose), or directly as a variational problem (a particular case
of the Choquard/Hartree equation, following e.g. P-L. Lions).
My results have been obtained in collaboration with S. Cin-
golani, M. Clapp, L. Jeanjean, M. Squassina.

On some supercritical Neumann problems
Enrico Serra

It is well known that the homogeneous Dirichlet problem for
the equation —Au = u”~" on a ball of RN has no positive solu-
tions if p is large (greater than or equal to the critical Sobolev
exponent). The same happens, mutatis mutandis, for nonlinear-
ities of the form a(|x|) uP~'. On the contrary, the homogeneous
Neumann problem —Au+u = uP~" always admits the constant
solution u =1, independently of the size of p. If one considers
the nonlinearity a(|x|) uP~", the constant solution disappears,
and the question of the solvability of the problem for p large
becomes nontrivial. A major obstacle is the fact that one can-
not work variationally, since the energy functional associated
to the problem is not well defined in H', and not even in Hgad.

In this talk we will show that, under a qualitative assump-
tion on a, the Neumann problem can still be treated variation-
ally, and admits a nontrivial solution for every p. The method
consists in the construction of a variational principle on a set
of monotone functions, a device which does not seem to have
been tried before.

"



2.3 Contributed talks

Kirchhoff systems with static and dynamic boundary damped
conditions

Giuseppina Autuori

We treat the question of the non-existence of global solu-
tions, or their long time behavior, of nonlinear hyperbolic Kirch-
hoff systems, under dynamic boundary damped conditions. The
main p-Kirchhoff operator may be affected by a perturbation
which behaves like |u[P~?u and the systems also involve an
external force f and a nonlinear boundary damping Q. When
p = 2, we consider some problems involving a higher order
dissipation term. For them we give criteria in order to have
[u(t,-)|lg = oo as t — oo along any global solution u = u(t, x),
where g is a parameter related to the growth of f in u. Special
subcases of f and Q are considered in applications.

Infinitely many positive solutions for a Schrédinger-Poisson
system'

Pietro d’Avenia

We consider the nonlinear Schrédinger-Poisson system

—Au +u+ V(x))pu = [ulP7u, x € R3, SP)

—Agp = V(|x|)u?, x € R3,
where p € (1,5) and V : R — R is a nonnegative bounded
function such that

a

Vir) = po +O(r"’+9)' as r — +o0.

Applying a method introduced by J. Wei and S. Yan in [1],
we show that the problem (SP) has infinitely many nonradial
positive solutions (with a large number of bumps).

"Joint work with Alessio Pomponio and Giusi Vaira
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Global Nonexistence and Blow up for Nonlinear
Polyharmonic Kirchhoff Systems

Francesca Colasuonno

We treat the question of the non continuation of local solu-
tions for polyharmonic Kirchhoff systems

uee + M (JJu(t, )]I?) (=A) " u + pu + Ot x, u, u) = £(t, x, u),

under homogeneous Dirichlet boundary conditions in bounded
domains. Here u = u(t, x) is the vectorial displacement, M
the Kirchhoff function, @ a nonlinear damping, f an external
source force and p is a non—-negative parameter. We also give
an estimate of the blow-up time for local solutions.

Moreover we study the blow up at infinity for global solu-
tions of strongly damped Kirchhoff systems involving two dif-
ferent (but related) Kirchhoff functions M and N, as well as
lower order terms.

Concrete applications are considered in special subcases of
f and Q.

Generic multiplicity for a scalar field equation

Francesca De Marchis
We consider the scalar field equation

h(x) e

_ hwer 5 oueH(E
higeray, XS usHE)

—Ngu+p=p

where (X, g) is a compact Riemannian surface, A, is the Lapla-
ce-Beltrami operator on I, h € C%(T) is a positive function and
p is a real parameter.

13



The study of this problem has further motivations indeed
this PDE arises in statistical mechanics as a mean field equa-
tion for the Euler flow and it also concerns the description
of self-dual condensates of some Chern-Simon-Higgs model.
Moreover this equation is related to the problem of prescribing
the Gauss curvature of a surface via a conformal transformation
of the metric.

Since the equation has a variational structure, solutions can
be found as critical points of the Euler-Lagrange functional.
Studying the topology (in particular the Betti numbers) of high
and low sublevels of the functional and using Morse inequali-
ties we obtain generic multiplicity of solutions for non-critical
values of the parameter p, i.e. p ¢ 8N.

In particular our result improves significantly the multiplic-
ity estimate which can be deduced from the degree-counting
formula proved by C.C. Chen and C.S. Lin. By this approach
we are also able to derive generic existence and multiplicity of
solutions for critical values of p.

A global bifurcation result for a semilinear elliptic equation
Francesca Gladiali

Let us consider the problem

—Au=uP+Au inA
u>0 in A (M
u=20 on 0A

where A is an annulus of RV, ie. A:= {x € RV : a < |x|] < b},
b>a>0N>2pe(l,+00) and A € (—o0,0].
Recall that problem (1) has a radial solution for any p €
(1, +00), and that this radial solution is unique if A € (—o0, 0].
We will denote by u, this radial solution and by S the curve
of radial solutions of (1) in the product space (1, +00) x Cg'a(ﬂ).
Let us recall that, given the curve S of radial solutions, a point

14



(p,up) € S is a nonradial bifurcation point if in every neigh-

bourhood of (p, up) in (1, +00) x C&’G(E) there exists a nonradial
solution (p, v;) of (1).

We will prove the existence of a sequence of values py such
that px — 400, and (p, up,) is a nonradial bifurcation point.
Moreover the bifurcation is global in the sense that from this
values a continuum (i.e. a closed connected set) of nonradial
solutions bifurcates. This continuum of solutions obeys at the
so called Rabinowitz alternative, i.e. either it is unbounded in
the space (1, +00) x CS’G(E) or it must meet some other bifur-
cation point (pp, up,).

Finally, in the case of low dimension, we were able to show
that this continuum is unbounded. Some open problems are
discussed.

These results are collected in [1, 2, 3].

References
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[2] F. Gapiaul, A global bifurcation result for a semilinear elliptic equation I,
preprint.
[3] F. Grapiau, M. Grossi, F. PaceLta aND P.N. SRIKANTH, Bifurcation and sym-

metry breaking for a class of semilinear elliptic equations in an annulus,
accepted in Calc. of Var.

On very weak positive solutions to some singular semilinear
elliptic problems

Jestiis Hernandez

We use some recent work by Diaz-Rakotoson in order to
obtain results concerning existence and reqularity of very weak
positive solutions to some singular semilinear elliptic problems.
This extends and clarifies previous work.

15



Very weak solutions to elliptic systems with nonlinear
boundary conditions

lvana Kosirova

Consider the system

—Au = h(.,v),

. in Q,
—Av = j(.,u),
where Q is a bounded smooth domain in RV, complemented by
the nonlinear Robin boundary condition on 9Q:

dyu = f(.,v)—u,

on dQ.
oy =g(,u)—v,

We show that any very weak solution of this system belongs to
L*°(Q) x L*=(Q) provided h, j, f, g satisfy suitable growth condi-
tions. Our growth conditions are essentially optimal. We also
consider more general problems and obtain a priori bounds of
nonnegative solutions.

Elliptic problems with singular natural growth lower order
terms

Pedro J. Martinez-Aparicio

We review some existence and nonexistence results [1, 5] for
the quasilinear elliptic boundary value problem

—Au + g(u)|Vul> = f(x) inQ,
u=20 on dQ),

where Q is a bounded open in RN, g is a continuous function
with a possible singularity at zero, and f is a suitable integrable
function. We describe the relation of our results with the papers
[3, 4].

Moreover, we apply [2] the Bifurcation Theory to study the
case of nonlinear data f(x, u) in the right hand side of the prob-
lem.
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Rotationally symmetric 1-harmonic flows from D? to S?
Salvador Moll

Given Q C RN, p > 1, a smoothly embedded compact sub-
manifold M of RN and u: Q — M, let

1
Ep(u) := f/ |VulP dx 2)
b Ja
The p-harmonic flow for E, is given by
up = —/Tu(— div(|Vu|p_2Vu)), 3)

where 7, denotes the orthogonal projection of RN*! onto the
tangent space T,M of M at u € M. We consider the case in
which N =2, Q = D? = {(x/,x) € R? : x}+x3 < 1} and
M=52= {(X1,X2,X3) e R3: X12 +X§ +X§ = 1}. In this case,
(3) may be explicitly written as

ue = div(|VulP?Vu) + u|Vulr. (4)

The Dirichlet problem for (4) amounts to impose the initial-
boundary condition

u=up on 9((0,00) x Q). (5)

17



For p =1, (4) may be seen as a constrained gradient system
of total variation:

Du

=di
Uy v ( |DL||

) + u|Du|. (6)
In this talk | will make an overview of what is known for the
problem (4)—(5)(specially for the p = 2 case) and | will present
some new results obtained in collaboration with R. Dal Passo
and L. Giacomelli for the special case of rotationally symmetric
solutions to (6)—(5).

Saddle-point-type solutions of the bi-stable equation
Josef Otta

In this talk, we treat the quasilinear problem

ePApu(x) = Wi u(x)) =0, xe€Q,
u(x) =0, x € 0Q,

where A, stands for the p-Laplacian, W is a double-well po-
tential (a typical choice is W(s) = (1—s?)?) and Q is a bounded
domain. We show the existence of saddle-point type solutions
by standard variational method employing unique positive so-
lutions. Theoretical results are accompanied by numerical ex-
periments which illustrate the solution dependence on the pa-
rameters p, € and the shape of W in the terms of solution
diagrams.
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On the concentration of solutions of singularly perturbed
biharmonic equations’

Marcos T.0. Pimenta

In this work, we study some questions about the existence
and concentration of solutions to the following problem

e'N’u+ V(x)u = f(u) in RN, (7)

where € > 0, N > 5 and the nonlinearity f is sublinear at
the origin, superlinear and subcritical at infinity. The poten-
tial V is assumed to be nonegative and satisfies the following
assumption:

There is an open and bounded set Q C RVst. infV < infV.
Flo) RN

The main result is:

THEOREM. Under these assumptions, for all sequences €, — 0
there is a subsequence {&i }ken such that the problem (7) has a
solution u, in H*(RN). Furthermore, if x., is a maximum point
of ug,, then limg_s V(xg,) = infgn V.

In order to prove this result we first modify the nonlinearity
into one more convenient to apply the mountain pass theorem.
The phenomenon of concentration is established combining an
upper estimate of the energy of the solution obtained with the
uniform decay of the solutions.

On the Schrédinger-Maxwell equations in presence of a
general nonlinear term

Alessio Pomponio

In quantum electrodynamics, the interaction between a
charge particle and the electromagnetic field is described by

2Supported by CNPq - Brazil
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nonlinear Schréodinger-Maxwell equations which, in the elec-
trostatic case, become
—Au + gou = g(u) in R3,

SM
—Ap = qu? in R, ( )

where g > 0.

In [1], we treat (SM) assuming on the nonlinearity g the
same general assumptions of Berestycki & Lions [3] proving
the existence of a nontrivial positive solution for g sufficiently
small. Moreover, using an abstract multiplicity result of [2], we
show that, for any n € N, there exists g, > 0 such that for any
0< g <gpn (SM) possesses at least n nontrivial solutions.
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Second order Moser type inequalities: a borderline case
Cristina Tarsi

We study optimal embeddings for the space of functions
whose laplacian Au belongs to L'(Q), where Q C RN is
a bounded domain. Let W?P(Q) denotes the second order
Sobolev space, endowed with the standard norm |ul., =
2 a2 IIDUlp. Then, provided 9Q is sufficiently smooth, the
following continuous embedding holds

N
W2P(Q) — LNPIN=20)(()) it 1<p<3.

In the limiting case p = % we have a striking difference be-
tween the cases p > 1 and p = 1: indeed,

WZ,N/Z(Q) AN L<P(U)(Q) fN>2 e p>1,
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where L#) is the Orlicz space generated by the Young function
NI(N=2) .
o(u) = el , while

W2Q) = Q) EN=2, iep=1

The situation changes if we consider the space of functions
whose Laplacian belongs to L'(Q): we establish here a sharp
embedding inequality into the Zygmund space Lep(Q). From
one side, this result enables us to improve the Brezis—Merle
regularity estimate for the Dirichlet problem

Au = f(x), Q
u=0, 0Q

where f € L'(Q); on the other side, it represents a borderline
case of D.R. Adams generalizations of Trudinger-Moser type
inequalities to the case of higher order derivatives. The results
discussed in this talk have been obtained in collaboration with
B. Ruf and D. Cassani (University of Milan) and appeared in
[Ann. I. H. Poincaré, 27 (2010), 73-93].

The concentration-compactness principle for variable
exponent spaces and applications

Analia Silva

In this work join with Julian Fernandez, we extend the well-
known concentration-compactness principle of P-L. Lions to the
variable exponent case. More precisely, we prove: Let g(x) and
p(x) be continuous functions such that g(x) < p(x) in Q. Let
{u;} be a weakly convergent sequence in Wg’p(x)(Q) with weak
limit u, and such that:

» |[Vu,|P® — 1 weakly-* in the sense of measures;

» |u;|7™ — v weakly-* in the sense of measures.
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Assume, moreover that A = {x € Q: q(x) = p*(x)} is nonempty.
Then, for some countable index set / we have:

v=[ul™ 4> vig, vi>0 (8)
iel
p = | VulPY 4 Zu,ﬁxi i >0 (9)
iel
Sy PPy e (10)

where {x;}ic; C A and S is the best constant in the Gagliardo-
Nirenberg-Sobolev inequality for variable exponents, namely

1Y @l |l Lo o)

S =
eeCPR) |||

LP* () (R)

We want to remark that in this Theorem is not required the ex-
ponent g(x) to be critical everywhere and that the point masses
are located in the criticality set A = {x € Q: g(x) = p*(x)}.
Moreover as an application of this Theorem , following the tech-
niques of [1] we prove the existence of solutions for problems
with lack of compactness.
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Positive solutions for some non autonomous
Schrédinger-Poisson Systems

Giusi Vaira

In a joint work with Prof. G. Cerami, we study the Schro-
dinger-Poisson system:

—Au +u+ KX)e(x)u = aX)|ulPu, x €R3,

SP
—Ap = K(x)u?, x € R, (5P)
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with p € (3,5). Assuming that 0 : R® - R and K : R® — R
are nonnegative functions such that lim.. a(x) = de > 0,
lim}y|—00 K(x) = 0 and are satisfying suitable assumptions, but
not requiring any symmetry property on them, we prove the
existence of positive solutions. We also discuss recent develop-
ments in a preprint paper, assuming that limjy_e a(X) = 0o >
0, and limoe K(x) = K > 0. An analysis far from trivial
allows us to find positive solutions of (SP).

On a conjecture of Brezis and Vazquez about the extremal
solution

Salvador Villegas

Consider the following semilinear elliptic equation, which
has been extensively studied:

—Au = Af(u) in Q,
u>=0 in Q, (P»)
u=20 on 0Q,

where Q C RV is a smooth bounded domain, N >1,A>01is a
real parameter, and the nonlinearity f : [0, 00) — R satisfies

fis C', nondecreasing and convex, f(0) > 0, and
_ f(u) (1)
lim — = 4o0.
u—+oo U
It is well known that there exists a finite positive extremal
parameter A* such that (P,) has a minimal classical solution
u, € Cz(ﬁ) if 0 < A < A% while no solution exists, even in
the weak sense, for A > A*. The set {u) : 0 < A < A*} forms
a branch of classical solutions increasing in A. Its increasing
pointwise limit u*(x) := limyp- ux(x) is a weak solution of (Py)
for A = A*, which is called the extremal solution of (P,) (see [1]).
The regularity and properties of the extremal solutions de-
pend strongly on the dimension N, domain Q and nonlinearity f.
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If Q = By (the unit ball of RV), it is easily seen that u* is
radial. In this framework, Cabré and Capella [2] have proved
that u* € L*°(Q) if N < 9. The result is sharp: if N > 10 and
f(u) = e", then u*(r) = =2logr (see [3]). Moreover, in [4] sharp
estimates of the extremal solution are obtained.

On the other hand, Brezis and Vazquez raised the following
open problem (see [1, Problem 5]): which is the behavior of f'(u*)
near the the singularities of u*. Is it always like C/r?? In the
case ) = By, we will answer negatively to this question. In
fact we will see that for every N > 10 and decreasing function
W e C(0, 1] verifying

2(N —2)
A

(N —2)

W(r
S¥ s =0

there exists f satisfying (11), such that A* = 1 and f'(u*(r)) =
W), 0<r <.
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4 Practical information

41 Lunches

A complimentary sandwich buffet will be offered every day in
our cafeteria (see FORUM on the map of the campus next page).

4.2 Dinners

For dinners, you will find plenty of restaurants around the
Grand Place. Brussels offers an international and eclectic
choice of restaurants. More typical but rather touristic restau-
rants can be found in the Rue des bouchers and Petite rue
des bouchers close to the Grand Place. Good alternatives are
the Quartier St Géry and the Place St Catherine at walking
distance from the Grand Place. Restaurants at the Place St
Catherine are specialized in seafood and fish. Prices may vary
a lot.

For quicker and more economical deals, you may try the
kebabs, pasta or pizza in the Rue Marché aux fromages close
to the Grand Place.

4.3 WiFi

Please ask the organizers for a login and password. The net-
work is called “Plaine-WiF{". You have to start your session in a
browser. The rooms NO4.07 and NO4.006 (4th floor of building
NO) are equipped with a good signal for WiFi users.

You may also be able to use “URBIZONE" which is a free
network sponsored by the city of Brussels. After associating
with the access point, you need to launch a browser and follow
the instructions to create an account.
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